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Abstract
In this paper we explore the structure of the Hitchin fibration for higher dimensional
varieties with emphasis on the case of algebraic surfaces.
1 Introduction
In the celebrated work [11], Hitchin constructs a completely integrable system on the moduli
space of Higgs bundles over a compact Riemann surface X . This system can be presented
as a morphism hX :MX →AX where MX is the moduli space of Higgs bundles and AX is
a certain affine space of half the dimension of MX . For every a ∈ AX , Hitchin constructs a
spectral curve Ya which is a finite flat covering of X , embedded in the cotangent bundle of
X and gives a description of the fiber h−1X (a) in terms of the Picard variety of Ya. As a result,
he proves that connected components of the generic fiber of the Hitchin map hX are abelian
varieties.
In this paper, we explore the structure of the Hitchin map for higher dimensional varieties
with emphasis on the case of surfaces. Let k be an algebraically closed field of characteristic
zero. In [17], Simpson defines a Higgs bundle over a smooth projective variety X over k as
a pair (E,θ) where E is a vector bundle of degree n equipped with a Higgs field θ : E →
E ⊗OX Ω
1
X which is a OX -linear map satisfying the integrability equation
θ ∧ θ = 0. (1.1)
In order to unravel the integrability equation, we recall that θ ∧θ is defined as the composi-
tion of θ : E→ E ⊗OX Ω
1
X with the map E ⊗OX Ω
1
X/k
→ E ⊗OX Ω
2
X given by v ⊗ω 7→ θ(v)∧ω.
After choosing local coordinates z1, . . . , zd of X around x ∈ X , we can write θ uniquely as
a sum θ(v) =
∑d
i=1
θi(v) ⊗ dzi where θi(v) are local endomorphisms of E. Now, a direct
calculation shows
(θ ∧ θ)(v) =
∑
i< j
[θ j ,θi](v)dzi ∧ dz j
and in particular the integrability equation holds if and only if the matrices θi commute with
each other.
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If G is a reductive group a G-bundle with Higgs field on X is a pair (E,θ) where E is a
G-bundle over X equipped with a Higgs field
θ ∈ H0(X , ad(E)⊗Ω1
X
) (1.2)
where ad(E) is the adjoint vector bundle of E. The Higgs field θ is to satisfy the integrability
equation (1.1). This means if we have local coordinate z1, . . . , zd and a trivialization of E
on a neighborhood U of x ∈ X , then on U we can write θ =
∑d
i=1
θidzi where θi : U → g
are functions on U with values in the Lie algebra g of G satisfying the integrability equation
[θi,θ j] = 0 for all 1≤ i, j ≤ d .
We denote CdG the closed subscheme of g
d consisting of (x1, . . . , xd) ∈ g
d such that
[x i, x j] = 0 for all indices i, j. We consider the diagonal adjoint action of G on C
d
G given
by
(x1, . . . , xd) 7→ (ad(g)x1, . . . , ad(g)xd) (1.3)
and the commuting action of GLd given by
(x1, . . . , xd) 7→ (x1, . . . , xd)h (1.4)
for every h ∈ GLd . We will consider the quotient stack
[CdG/(G ×GLd)]. (1.5)
For a test scheme S, a S-point of [CdG/(G×GLd)] consists in a vector bundle V of rank d over
S, a G-bundle E over S, a OS-linear morphism θ : V → ad(E) from V to the adjoint vector
bundle of E such that for all local sections v1, v2 of V , we have [θ(v1),θ(v2)] = 0. A Higgs
G-bundle on a smooth d-dimensional algebraic variety X can be then interpreted as a map
θ : X → [CdG/(G ×GLd)] (1.6)
such that the induced map X → BGLd from X to the classifying space of GLd represents the
cotangent bundle of X .
Following the strategy of [15], we will study the Hitchin map through the morphism
[Cd
G
/G]→ Cd
G
/G (1.7)
from the stack [CdG/G] to the coarse quotient C
d
G/G. By definition, the coarse quotient
CdG/G = Spec(k[C
d
G]
G) is the spectrum of of the ring of G-invariant functions on CdG . In the
case d = 1, the Chevalley restriction theorem asserts an isomorphism k[g]G = k[t]W where
t is a Cartan algebra of g and W the Weyl group. We also know that k[t]W is a polynomial
algebra. Thus we have a GL1-equivariant morphism
[g/G]→ Spec(k[t]W )
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and, for a smooth curve X , the Hitchin map attaches to θ in (1.6) the induced morphism
a : X → [Spec(k[t]W )/GL1], which is the characteristic polynomial of θ in an appropriate
sense.
Thanks to work of Gan-Ginzburg and Joseph [10, 14], the analogue of the Chevalley
restriction theorem holds in the case d = 2 and G = GL2:
k[C2G]
G = k[t× t]W . (1.8)
In general, k[t×t]W is not a polynomial algebra, and not even a smooth k-algebra, although it
is always a Cohen-Macaulay ring after a theorem of Hochshter-Robert [12]. For an arbitrary
number d , by restricting functions on Cd
G
to td , we obtain a GLd -equivariant homomorphism
k[CdG]
G → k[td]W . (1.9)
It is conjectured that (1.9) is an isomorphism. In [13], Hunziker proves that this homomor-
phism induces an isomorphism from the reduced quotient of k[Cd
G
]G to k[td]W when G is
either a classical group or of type G2.
As we shall see, in this case G = GLn, there is a canonical GLd-equivariant lifting
[CdG/G]→ Spec(k[t
d]W ) (1.10)
of [CdG/G]→ C
d
G/G in (1.7) along the morphism Spec(k[t
d]W )→ CdG/G induced from (1.9).
Thus for every d-dimensional smooth variety X , by composing with (1.10), we derive a mor-
phism
sdX : HiggsX →AX (1.11)
where HiggsX is the moduli stack of all Higgs GLn-bundles as in (1.6) andAX is the space of
maps X → [Spec(k[td ]W )/GLd] laying over the morphism X → BGLd corresponding to the
cotangent bundle of X . We will callAX the space of spectral data and sdX the spectral data
morphism.
In section 2, we will investigate the relation between our spectral data morphism and
the Hitchin map defined by Simpson in [18]. We show that the Hitchin map factors canoni-
cally through the spectral data morphism. In section 3, we will construct the spectral cover
associated with each spectral datum. With help of this spectral cover, we will provide a de-
scription of the generic fiber of the Hitchin map in a similar manner to Beauville-Narasimhan-
Ramanan’s description [4] in the one-dimensional case. This description is of limited use as
the spectral cover is not Cohen-Macaulay in general. It thus arises the need of constructing
a finite Cohen-Macaulayfication of the spectral cover. This is the purpose of section 4 where
we restrict ourselves to the two-dimensional case. The upshot is that in the surface case, as
we can construct a canonical Cohen-Macaulayfication of the spectral cover, the Hitchin fibers
over generic spectral data have a description fairly similar to the one-dimensional case. The
description of the space AX of spectral data remains nevertheless quite difficult and seems
3
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to depend on the Enriques classification of surfaces as surveyed in [3]. We investigate this
matter in the cases of abelian, ruled and elliptic surfaces in the last sections of the paper.
In this paper, we restrict ourselves to the case G = GLn. All the constructions can be
carried out for general reductive groups but technical lemmas still need to be proved. We
plan to attend to this matter in a future work.
Throughout this paper, k is an algebraically closed field of characteristic p > n or of
characteristic zero. All schemes are defined over k. Without explicitly mentioned otherwise,
points will mean k-points.
2 Spectral data for GLn
In this section we study the spectral data morphism for GLn. We begin by investigating
spectral data associated to d commuting n × n-matrices. Instead of d commuting n × n-
matrices we will consider a d-dimensional k-vector space T , a n-dimensional k-vector space
E equipped with a k-linear map θ : T → End(E) such that for all vectors x1, x2 ∈ T we
have [θ(x1),θ(x2)] = 0. A map θ : T → End(E) satisfying this property will be called a
commuting map.
We will define the spectral datum of (T, E,θ) as follows. The commuting map θ : T →
End(E) defines an action of the symmetric algebra S(T ) on E. In other words, it produces
a S(T )-module F whose underlying vector space is E. Since E a is finite dimensional vector
space, F is supported by finitely many points in the affine space V = Spec(S(T )): we have
a decomposition F =
⊕
α∈V Fα where Fα is a S(T )-module annihilated by some power of
the maximal ideal mα corresponding to the point α. Let Chown(V ) be the Chow scheme
classifying 0-cycle of length n in V . The decomposition above gives rise to a 0-cycle
Z =
∑
α∈V
lg(Fα)α
of length n in V . We call Z ∈ Chown(V ) the spectral datum of (T, E,θ).
The above discussion can be generalized over an arbitrary scheme X . We can construct
the spectral datum attached to (T, E,θ) where T and E are vector bundles over X of rank
d and n, and θ : T → EndOX (E) is a commuting map. Let V = SpecX (SOX (T )) be the dual
bundle of T . The commuting map extends to a morphism SOX (T )→ EndOX (E). Thus there
is a coherent sheave F on V such that p∗F = E where p : V → X is the projection map. Let
Chown(V/X ) be the relative Chow scheme of 0-cycle of length n in V . Then as explained in
[5, Section 9.3, p 254], one can associate to such F a morphism
aF : X 7→ Chown(V/X ),
which is compatible with any base change X ′→ X and for every point x ∈ X the image aF (x)
is the spectral datum Z of the triple (T, E,θ)|x . We call aF the spectral datum of (T, E,θ).
4
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Note that any triple (T, E,θ) as above can be interpreted as a morphism
X → [Cd
GLn
/(GLn ×GLd)]
laying over the morphism S→ BGLd corresponding to the dual of the d-dimensional vector
bundle T , and the spectral datum aF of (T, E,θ) can be interpreted as a morphism
X → [Chown(A
d)/GLd]
laying over the morphism X → BGLd corresponding to the dual of the d-dimensional vector
bundle T . Then the above construction provides us with a morphism
[CdGLn
/(GLn ×GLd)]→ [Chown(A
d)/GLd] (2.1)
which is the morphism in (1.10) (or rather its quotient by GLd).
Remark 2.1. In the case d = 2 and k is of characteristic zero, by the works of Gan-Ginzburg
and Joseph (see, e.g., [10, Theorem 1.2.1]), the Chevalley restriction map induces an iso-
morphism C2
GLn
/GLn ≃ Chown(A
2) and from it we have a morphism
[C2GLn
/GLn ×GL2]→ [Chown(A
2)/GL2]
which is the morphism (2.1) in the case d = 2. At the moment, we don’t know if their work
can be generalized to positive characteristic. The discussion above provides a construction
of (2.1) which is valid in any characteristic.
We will apply it to the case where X is smooth of dimension d and T = TX is its tan-
gent bundle. In this case we recover the concepts of Higgs bundles and the spectral data
morphism.
In more detail. Let (E,θ) be a Higgs bundle where E is a vector bundle of rank n over X
and θ : E→ E ⊗OX Ω
1
X is a Higgs field. The Higgs field θ can be regarded as a OX -linear map
θ : TX → EndOX (E) (2.2)
whereTX is the tangent sheaf of X dual to the cotangent sheafΩ
1
X
. The integrability condition
θ ∧θ = 0 guarantees that (2.2) induces an action of the symmetric algebra of TX/k over OX/k
i.e. a OX -linear map θ : SOX/k(TX/k) → EndOX (E). In other words, there is a canonical
isomorphism E = p∗F where F is a cohorent module over T
∗
X = SpecXSOX/k(TX/k) the total
space of the cotangent bundle and p : T∗X → X is the projection map.
For every point x ∈ X , Ex is a n-dimensional k-vector spaces equipped with an action
of the symmetric algebra Sk(TX ,x) where TX ,x is the tangent space of X at x . We denote Fx
the vector space Ex but regarded as Sk(TX ,x)-module. As Spec(Sk(TX ,x)) = T
∗
X ,x , there is a
5
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canonical decomposition Fx =
⊕
α∈T∗
X ,x
Fα where Fα is a finite length module supported by
the point α ∈ T ∗x . The function
x 7→
∑
α
nαα (2.3)
where nα = lg(Fα) is the dimension of Fα as k-vector space, defines a map from X with values
in the space of 0-cycles of T∗X ,x . We define the spectral datum of a Higgs bundle (E,θ) to be
the section
a : X → Chown(T
∗
X /X )
given by the formula (2.3). Here, the relative Chow variety Chown(T
∗
X /X ) constructed from
Chown(A
d) by twisting it with the GLd -bundle attached to the cotangent bundle T
∗
X . This
provides us with a concrete description of the spectral data morphism
sdX : HiggsX →AX
in (1.11) in the GLn case.
We shall investigate the relation between our spectral data morphism and the Hitchin map
defined by Simpson. Let V be a finite dimensional vector space. We recall that the coordinate
ring of Chown(V ) is the ring of invariants with respect to the action of the symmetric group
Sn on the symmetric algebra S(T
n) of T n, where T n is the n-fold direct sum T ⊕· · ·⊕T . By a
general theorem of Hochster-Roberts [12], this ring is Cohen-Macaulay. A point of Chown(V )
will be represented by an unordered collection of n points
[v1, . . . , vn] ∈ Chown(V )
with v1, . . . , vn ∈ V not necessarily distinct. We may also represent it as
[u
n1
1
, . . . ,unm
m
] ∈ Chown(V )
where u1, . . . ,um are distinct vectors of V and ni is the number of occurrences of ui in
[v1, . . . , vn].
We will define an affine embedding of Chown(V ).
Lemma 2.1. For every finite dimensional vector space V the morphism
ι : Chown(V )→ V × S
2V × · · · × SnV (2.4)
given by
[v1, . . . , vn] 7→ (a1, . . . ,an) (2.5)
where a1, . . . ,an are the symmetric tensors
a1 = v1 + · · ·+ vn,
a2 = v1v2 + v1v3 + · · ·+ vn−1vn,
· · ·
an = v1 . . . vn.
6
Spectral data for GLn
is a closed embedding.
Proof. If T denote the the dual vector space of V , then we have V = Spec(S(T ))where S(T ) =⊕∞
i=0 S
iT is the symmetric algebra of T . We also have V n = Spec(S(T n)) and V n/Sn =
Spec(S(T n)Sn). On the other hand, we have SiV = Spec(S(SiT )). What we have to prove is
that the homomorphism of k-algebras
n⊗
i=1
S(SiT )→ (S(T n))Sn (2.6)
given by formulae (2.5), is surjective for every finite dimensional k-vector space T .
When dim(T ) = 1, this is the fundamental theorem of symmetric polynomials asserting
that every symmetric polynomial is a polynomial of the elementary symmetric polynomials.
In one the dimensional case, the homomorphism (2.6) is even an isomorphism. This is no
longer true in higher dimensional case. The proof of surjectivity in higher dimensional case
is completely similar to the usual proof in the one dimensional case. The main difficulty is
in fact to choose adequate notations.
The component-wise action of Gnm on T
n induces a decomposition in eigenspaces T n =
T1⊕· · ·⊕Tn where T1, . . . , Tn are n copies of T . This induces an action of G
n
m on S(T
n) which
can also be decomposed as a direct sum of eigenspaces
S(T n) =
⊕
ν∈Nn
SνT
where SνT = Sν1T1 ⊗ · · · ⊗ S
νnTn for each ν= (ν1, . . . ,νn) ∈ N
n (we agree that 0 ∈ N).
For every ν ∈ Nn, we will denote [ν] its orbit under the symmetric group Sn. We then
have a decomposition
(S(T n))Sn =
⊕
[ν]
S[ν]T
where [ν] runs over the set of orbits of Sn acting on N
n and
S[ν]T =
 ⊕
ν∈ [ν]
SνT
!Sn
.
In the Sn-orbit [ν], there exists a unique element ν = (ν1, . . . ,νn) satisfying ν1 ≥ . . . ≥ νn.
We rewrite [ν] in the partition form
[ν] = [µ
m1
1
, . . . ,µmee ]
where µ1 > · · · > µe ≥ 0 are the distinct integers occurring as coordinates of (ν1, . . . ,νn)
with multiplicities m1, . . . ,me respectively. We have m1 + · · ·+me = n and
deg(ν) = ν1 + · · ·+ νn = m1µ1 + · · ·+meµe.
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With these notations being set up, we have
S[ν]T =
e⊗
i=1
Smi (Sµi T ).
We observe if µe = 0, the last term S
me(SµeT ) may be removed from this formula. For this
reason, we will write [ν] in the more compact form
[ν] = [µ
m1
1
, . . . ,µme
e
]
with µ1 > . . . > me > 0, the possible term µe = 0 being removed. We have then
lg[ν] := m1 + · · ·+me ≤ n.
In particular, in degree d , we have
(Sd(T n))Sn =
⊕
deg[ν]=d,lg[ν]≤n
S[ν]T.
In degree 1, we have the obvious isomorphism T = (T n)Sn given by the diagonal map.
It starts being tricky already in degree 2. If n = 1, we have the tautological isomorphism
(S2(T n))Sn = S2T . If n≥ 2, we have the decomposition in degree 2:
(S2(T n))Sn = S2T ⊕ S2T
in which the first copy of S2T corresponds to [ν] = [2] whereas the second copy corresponds
to [ν] = [12]. We also note that for every i ∈ {1, . . . ,n} and [ν] = [1i], we have an isomor-
phism
SiT ≃ S[1
i]T
that is exactly the one used in the formulae (2.5).
With these notations being set up, we can prove the surjectivity of the algebra homomor-
phism (2.6) by the same induction on the degree as in the case dim(T ) = 1. The induction
uses the following fact: For every i ∈ {1, . . . ,n} and partition [ν] = (ν1 ≥ · · · ≥ νn), we
denote
[ν+ 1i] = (ν1 + 1≥ · · · ≥ νi + 1≥ νi+1 · · · ≥ νn)
which is a partition of degree deg[ν+ 1i] = deg[ν] + i. The multiplication map
κ(i, [ν]) : S[1
i]T ⊗ S[ν]T → Sdeg[ν]+iT
has image contained in ⊕
[ν′]≤[ν+1i]
S[ν
′]T
8
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where [ν′] runs over the set of partitions less than [ν+] with respect to the usual partial
order among the partitions. More over, the composition of κ[ν] with the projection on S
[ν+]
is surjective. This fact can be verified with an easy calculation on tensors.
We also observe unless [ν] = 0, there exists i ∈ {1, . . . ,n} and a partition [ν−] such that
[ν] = [ν− + 1
i]. It follows that the vector subspaces S[1
i]T of (S(T n))Sn generate it as an
algebra.
In general, Chown(V ) is a strict closed subscheme of V×S
2V×· · ·×SnV . As an instructive
example, let us describe Chow2(A
2) as a hypersurface of the 5-dimensional affine space A2×
S2A2. Let V = A2 and
Chow2(V )→ V × S
2(V )
denote the map given by [v1, v2] 7→ (v,w) with v = v1 + v2 and w = v1v2. It is clear that
Chow2(V ) is the closed subscheme of V × S
2(V ) consiting of pairs (v,w) such that v2 − 4w
is of the form u2 with u ∈ V . Now we need to find the equation defining the image of the
map V → S2(V ) given by u 7→ u2. Now we write v ∈ V with coordinates v = (x , y) ∈ A2.
Then v2 = (x2, x y, y2) in S2V = A3. Now the points (w1,w2,w3) = (x
2, 2x y, y2) move in
the quadric defined by the equation w2
2
− 4w1w3 = 0. It follows that Chow2(V ) is the closed
subscheme of V × S2(V ) defined by the equation
Chow2(V ) = {(x , y,w1,w2,w3) ∈ V × S
2V | (x y − 2w2)
2 = (x2 − 4w1)(y
2 − 4w3)}
We also note that the morphism (w1,w2,w3) 7→ w
2
2 − 4w1w3 is the explicit expression of the
canonical GL2-equivariant linear map S
2(S2V )→ (∧2V )⊗2 whose kernel is S4(V ).
In [18], Simpson constructs the Hitchin map
hX : HiggsX →BX =
n⊕
i=1
H0(X , SiΩ1X ) (2.7)
assigning (E,θ) ∈ HiggsX with hX (E,θ) = (b1, . . . , bn) where bi ∈ H
0(X , SiΩ1X ) is the sym-
metric form defined as follows. By iterating i times the Higgs field θ : E→ E ⊗Ω1X we get a
map θ i : E→ E⊗SiΩ1X , and we set bi = tr(θ
i) ∈ H0(X , SiΩ1X ). We may also define symmetric
form ai ∈ H
0(X , SiΩ1
X
) by using the GLd -equivariant map
Chown(A
d)
ι
→ Ad × S2(Ad)× · · · × Sn(Ad)
pr
→ Si(Ad) (2.8)
defined as in (2.4). Namely, we can interpret sections in H0(X , SiΩ1
X
) as morphisms X →
[Si(Ad)/GLd] laying over the morphism X → GLd corresponding Ω
1
X
, and we define
ai : X
a
→ [Chown(A
d)/GLd]→ [S
i(Ad)/GLd]
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where a = sdX (E,θ) ∈ AX , interpreting as a morphism a : X → [Chown(A
d)/GLd] laying
over the morphism X → GLd corresponding Ω
1
X , and the second arrow is the morphism
induced by (2.8). The variables (ai) and (bi) can be obtained from each other by the formula
iai = −(bi + a1bi−1 + · · ·+ ai−1b1)
valid for all i = 1, ...,n. In other words, the change of variables from (ai) to (bi) and vice
versa is given by an automorphism of
∏n
i=1 S
i(Ad). It gives rise to a morphism
ιX :AX →BX (2.9)
such that
hX = ιX ◦ sdX (2.10)
By lemma 2.1, we know that ιX is a closed immersion. This provides a canonical factorization
of the Hitchin map though the spectral data morphism.
Remark 2.2. One can regard ιX as a global version of the embedding ι in (2.4).
It seems natural to conjecture thatAX is the image of hX inBX . We don’t know it for the
moment but it appears that the geometry ofAX may be very complicated (see, e.g., section
5). In the case of surfaces, we will construct an open subset A♥X of AX such that for every
geometric point a ∈ A♥X we can describe the fiber sd
−1
X (a) im a way similar to [4] and prove
that sd−1X (a) 6= ;.
3 Universal spectral cover
In [11], Hitchin described fibers of his fibration with help of the concept of spectral curves.
We are now about to generalize his construction to the case of higher dimensional varieties
and construct spectral cover attached to each spectral datum.
The construction of spectral covers relies on the Cayley-Hamilton equation. Let V be a
d-dimensional vector space, Chown(V ) the Chow scheme of 0-cycles of length n on V . We
will represent a point of Chown(V ) as an unordered collection of n points of V
[v1, . . . , vn] ∈ Chown(V ). (3.1)
Recall that we have a closed embedding Chown(V )→ V × S
2V × · · · × SnV given by
[v1, . . . , vn] 7→ (a1, . . . ,an)
as in (2.5). We consider the morphism
χV : V ×Chown(V )→ S
nV (3.2)
10
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given by
χV (v, [v1, . . . , vn]) = (v − v1) . . . (v − vn) = v
n − a1v
n−1 + · · ·+ (−1)nan. (3.3)
We define the closed subscheme Cayleyn(V ) to be
Cayleyn(V ) = χ
−1
V ({0}) (3.4)
the fiber of 0 ∈ SnV .
Lemma 3.1. Let V be a d-dimensional vector space.
1. The projection of pn(V ) : Cayleyn(V ) → Chown(V ) is a finite morphism which is étale
over the open subset Chow′n(V ) of Chown(X ) consisting of multiplicity free 0-cycles. We
call Cayleyn(V ) the universal spectral cover of Chown(V ).
2. For every point a = [x
n1
1
, . . . , x
nm
m ] ∈ Chown(V ) where x1, . . . , xm are distinct points of V ,
and n1, . . . ,nm are positive integers such that n1 + · · ·+ nm = n, the fiber of Cayleyn(V )
over a is the finite subscheme of V
Cayleyn(V,a) =
m⊔
i=1
Spec(OV,xi/m
ni
xi
), (3.5)
where OV,xi is the local ring of V at x i, and mxi its maximal ideal. In particular, as soon
as d ≥ 2 and n≥ 2, then the cover Cayleyn(V )→ Chown(V ) is not flat.
3. Let F be a finite OV -module of length n and a ∈ Chown(V ) its spectral datum. Then F
is supported by the finite subscheme Cayleyn(V,a) of V . (This is a generalization of the
Cayley-Hamilton theorem)
Proof. We will first describe a set of the generators of the ideal defining the closed sub-
scheme Cayleyn(V ) in V × Chown(V ). Each linear form t : V → k induces a map on
Chow varieties [t] : Chown(V ) → Chown(A
1) mapping a = [v1, . . . , vn] ∈ Chown(V ) on
t(a) = [t(v1), . . . , t(vn)] ∈ Chown(A
1). For the diagram
Chown(V )× V S
n(V )
Chown(A
1)×A1 Sn(A1) = A1
χV
[t]×t Sn(t)
χA1
(3.6)
is commutative, the function ft = χA1◦(t×[t]) : Chown(V )×V → A
1 vanishes on Cayleyn(V ).
Explicitly for every a = [v1, . . . , vn] ∈ Chowv(V ), we have
ft(a, v) = (t(v)− t(v1)) . . . (t(v)− t(vn)). (3.7)
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Moreover, for Sn(t) generates the ideal defining 0 in Sn(V ) as t varies on the dual vector
space T of V , the functions ft generate the ideal defining Cayleyn(V ) inside Chown(V )× V .
This provides a convenient set of generators of this ideal albeit infinite and even innumerable
as k may be.
1. If t1, . . . , td form a basis of T , then ft1 , . . . , ftd cut out a closed subscheme Z of Chown(V )×
V which is finite flat of degree nd over Chown(V ). Since Cayleyn(V ) is a closed sub-
scheme of Z , it is also finite over Chown(V ). This proves the first assertion of the
lemma.
2. We will prove that for a = [x
n1
1
, . . . , x
nm
m ] ∈ Chown(V ) where x1, . . . , xm are distinct
points of V , and n1, . . . ,nm are positive integers such that n1+· · ·+nm = n, Cayleyn(V,a)
is the closed subscheme of V defined by the ideal m
n1
x1
. . .m
nm
xm
of k[V ] where mxi is the
maximal ideal corresponding to the point x i ∈ V .
Let us denote Ia the ideal of A = k[V ] defining the finite subscheme Cayleyn(V,a) in
V . We first prove that I = Ix1 . . . Ixn where A/Ixi is supported by some finite thickening
of the point x i. For this we only need to prove that for every x /∈ {x1, . . . , xm}, there
exists a function f ∈ Ia such that f /∈ mx . We recall that the ideal Ia is generated by
thefunctions ft(a) : V → A
1 as t varies in V ∗. Choose a linear form t : V → k such that
t(x) 6= t(x i) for all i ∈ {1, . . . ,m}, then we have ft(a)(x) 6= 0 by (3.7).
As x1, . . . , xn play equivalent roles, it only remains to prove that the images of the
functions ft(a) in the localization Ax1 of A at x1, as t varies in V
∗, generate the ideal
m
n1
x1
. From (3.7), we already know that ft(a) ∈ m
n1
x1
for every t ∈ V ∗. By the Nakayama
lemma, we only need to prove that the images of ft(a) in m
n1
x1
/m
n1+1
x1
generate this
vector space as t varies in V ∗. We observe that for t ∈ V ∗ such that t(x1) 6= t(x i)
for i ∈ {2, . . . ,m}, the factors t(v) − t(x2), . . . t(v) − t(vm) are all invertible at x1, it
is enough to prove that for T ∈ V ∗ satisfying the open condition t(x1) 6= t(x i) for
i ∈ {2, . . . ,m}, the functions (t(v)− t(x1))
n1 generate m
n1
x1
/m
n1+1
x1
. Here we use again
the fact the image of the n-th power map mx/m
2
x → m
n
x/m
n+1
x span m
n
x/m
n+1
x and this
conclusion doesn’t change even after we remove frommx/m
2
x a closed subset of smaller
dimension.
3. By the Chinese remainder theorem we are easily reduced to prove that if E is a finite
A-module of length n, supported by a finite thickening of x ∈ V then E is annihilated by
mn
x
. Since E is supported by a finite thickening of x ∈ V it has a structure of Ax -module
where Ax is the localization of A at x . We consider the decreasing filtration E ⊃ mxE ⊃
m2
x
E ⊃ · · · . By the Nakayama lemma, we know that for m ∈ N, mm
x
E/mm+1
x
E = 0
implies mmx E = 0. It follows that as long as m
m
x E 6= 0, we have dimk(m
i
x E/m
i+1
x E) ≥ 1
for all i ∈ {0, . . . ,m} and it follows that m+ 1≤ n. We conclude that mnxE = 0.
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This completes the proof of lemma 3.1
The morphism pn(V ) : Cayleyn(V ) → Chown(V ) being GL(V )-equivariant, it can be
twisted by any rank d vector bundle. In particular, if X be a d-dimensional smooth vari-
ety over k, we have a finite morphism pn(T
∗
X/X ) : Cayleyn(T
∗
X/X ) → Chown(T
∗
X /X ). For
every spectral datum a ∈AX corresponding to a section a : X → Chown(T
∗
X
/X ), we can pull
back pn(T
∗
X
/X ) to obtain the spectral cover
pa : Ya → X . (3.8)
Just as pn(T
∗
X /X ), the morphism pa : Ya → X is finite but in general not flat. The morphism
pa : Ya → X factors through a canonical closed embedding Ya → T
∗
X .
We will be specially interested in the open subsetA♥X of AX consisting of maps a : X →
Chown(T
∗
X /X ) that maps the generic point of X to the open subset Chow
′
n of multiplicity free
0-cycles. If a ∈A♥
X
, the covering pa : Ya → X is generically finite étale of degree n.
If X is a curve, and if the spectral curve Ya is integral, after Beauville-Narasimhan-
Ramanan [4], there is an equivalence of categories between the category of Higgs bundles
(E,θ) of spectral datum a and the category of torsion-free OX˜a of generic rank 1. This equiv-
alence can be generalized to the case d ≥ 1 with aid of the concept of Cohen-Macaulay
sheaves.
Let us recall some basic facts about Cohen-Macaulay sheaves. A coherent sheaf M on a
purely n-dimensional scheme Y is said to be maximal Cohen-Macaulay if dim(Supp(M)) =
dim(Y ) and Hi(D(M)) = 0 for i 6= n. A family of maximal Cohen-Macaulay sheaves on Y
parametrized by S is a coherent sheaf M on Y × S flat over S and satisfying the property:
for every s ∈ S, the restriction Ms to Y × {s} is maximal Cohen-Macaulay. If S is Cohen-
Macaulay, then the above conditions imply that M itself is maximal Cohen-Macaulay. If Y is
proper, the functor that associates with every test scheme S the groupoid of all families of
Cohen-Macaulay sheaves on Y parametrized by S is an algebraic stack, see [2, 2.1].
We also recall an important fact about Cohen-Macaulay module. Let M be a Cohen-
Macaulay R-module of finite type. Suppose that R is a finite A-algebra with A being a regular
ring. Then M is a locally free A-module of finite type. We refer to [6, section 2] for a nice
discussion on Cohen-Macaulay modules and for further references therein, or the compre-
hensive treatment in [7].
Proposition 3.2. For every a ∈A♥
X
, the Hitchin fiber HiggsX ,a = sd
−1
X
(a) is isomorphic to the
algebraic stack of maximal Cohen-Macaulay sheaves of generic rank one on the spectral cover
Ya.
Proof. Let (E,θ) ∈ HiggsX ,a a Higgs bundle of rank n whose spectral datum is a ∈ A
♥
X .
Then E = p∗F where F is a coherent sheaf over the cotangent T
∗
X . By the Cayley-Hamilton
theorem, F is supported by the spectral cover Ya ⊂ T
∗
X . We have then E = pa∗F where F is
13
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a coherent sheaf on Ya. Since pa : Ya → X is a finite morphism, and E is a vector bundle
over X , F is a maximal Cohen-Macaulay sheaf. Moreover, since pa is generically finite étale
of degree n, F is of generic rank one. Inversely, if F is a maximal Cohen-Macaulay sheaf of
generic rank one over Ya, then E = pa∗F is a vector bundle of rank n over X . It is naturally
equipped with a Higgs field θ : E ⊗OX TX → E as Ya is a closed subscheme of T
∗
X .
In spite of the simplicity of the above description of HiggsX ,a, it is not of great use by
itself alone. For instance, it doesn’t imply that HiggsX ,a is non empty. The difficulty is that in
general for the spectral cover Ya is not Cohen-Macaulay, we do not know any recipe to con-
struct coherent Cohen-Macaulay sheaves on Ya. At this point, we see that in order to obtain
a useful description of HiggsX ,a, one needs to construct a finite Cohen-Macaulayfication of
Ya. This can be done in the surface case.
4 Cohen-Macaulay spectral surfaces
In the surface case, for every a ∈ A♥X , the spectral surface Ya admits a canonical finite
Cohen-Macaulayfication whose construction will rely on the Hilbert schemes of points on
surfaces and Serre’s theorem on extending vector bundles on smooth surfaces across a closed
subscheme of codimension two.
We first recall some well known fact about the Hilbert schemes of 0-dimensional sub-
schemes of a surface. Let Hilbn(A
2) denote the moduli space of zero-dimensional subschemes
of length n of A2. A point of Hilbn(A
2) is a 0-dimensional subscheme Z of A2 of length n
that will be of the form Z =
⊔
α∈A2 Zα where Zα is a local 0-dimensional subscheme of A
2
whose closed point is α. It is known that the map
HCn : Hilbn(A
2)→ Chown(A
2). (4.1)
given by Z 7→
∑
α∈A2 length(Zα)α, where length(Zα) is the length of Zα, is a resolution of
singularities of Chown. If Chow
′
n
denotes the open subset of Chown classifying multiplicity-
free 0-cycle of length r on A2 then HCn is an isomorphism over Chow
′
n. The complement Q
of Chow′n in Chown is a closed subset of codimension 2.
As the morphism (4.1) is GL2-equivariant, we can twist it by any GL2-bundle, and in
particular by the GL2-bundle associated to the cotangent bundle T
∗
X over a smooth surface X
and by doing so we obtain
HCT∗
X
/X : Hilbn(T
∗
X /X )→ Chown(T
∗
X /X ). (4.2)
This morphism is a proper morphism and its restriction the open subset Chow′n(T
∗
X /X ) is an
isomorphism. Here the open immersion Chow′n(T
∗
X /X ) ⊂ Chown(T
∗
X/X ) is obtained from
the open subscheme Chow′n of Chown classifying multiplicity free 0-cycles by the process of
GL2-twisting by the cotangent bundle.
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We will now recall Serre’s theorem on extending locally free sheaves across a closed
subscheme of codimension 2, see [16, Prop. 7].
Theorem 4.1. Let X be a smooth surface over k, Z a closed subscheme of codimension 2 of X
and j : U → X the open immersion of the complement U of Z in X . Then the functor V → j∗V
is an equivalence of categories between the category of locally free sheaves on U and locally free
sheaves on X . Its inverse is the functor j∗.
We recall that a point a ∈AX in the space of spectral data is a section a : X → Chown(T
∗
X /X ).
We have also defined A♥X to be the open subset of AX of sections a : X → Chown(T
∗
X /X )
mapping the generic point of X to the open subset Chow′n(T
∗
X /X ), in other words
A♥X = {a ∈AX |dim a
−1(QX ) ≤ 1} (4.3)
where QX is the complement of Chow
′
n(T
∗
X/X ) in Chown(T
∗
X /X ).
Proposition 4.2. For every a ∈A ♥
X
, there exists a unique finite flat covering
p˜a : Y˜a → X (4.4)
of degree n, equipped with a X -morphism ιa : Y˜a → T
∗
X satisfying the following property: there
exists an open subset U ⊂ X , whose complement is a closed subset of codimension at least 2,
such that ιa is a closed embedding over U and for every x ∈ U, the fiber Y˜a(x) is a point
of Hilbn(T
∗
X /X )(x) laying over the point a(x) ∈ Chown(T
∗
X /X )(x). Moreover, the morphism
ι : Y˜a → T
∗
X factors through the closed subscheme Ya of T
∗
X and the implied morphism Y˜a → Ya
is a finite Cohen-Macaulayfication of Ya.
Proof. Let U ′ be the preimage of Chow′n(T
∗
X/X ) by the section a : X → Chown(T
∗
X /X )(x). By
assumption a ∈ A♥, U ′ is a non empty open subset of X . As the morphism HCT∗
X
/X of (4.2)
is an isomorphism over Chown(T
∗
X /X ), we have a unique lifting
b′ : U ′→ Hilbn(T
∗
X/X )×X U
′
laying over the restriction a to U ′.
Since the Hilbert-Chow morphism (4.2) is proper, there exists an open subset U ⊂ X ,
larger than U ′, whose complement X − U is a closed subscheme of codimension at least 2,
such that b′ : U ′→ Hilb′n(T
∗
X /X )×X U
′ extends to
bU : U → Hilbn(T
∗
X
/X )×X U .
By pulling back from Hilbn(T
∗
X /X ) the tautological family of subschemes of T
∗
X , we get a finite
flat morphism U˜a → U of degree n, equipped with a closed embedding ιU : U˜a → ΩX ×X U .
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According to Serre’s theorem on extending vector bundles over surfaces, there exists a
unique the finite flat covering Y˜a → X of degree n extending the covering U˜a of U . The closed
embedding U˜a → ΩX ×X U extends to a finite morphism Y˜a → T
∗
X which may no longer be a
closed embedding.
For by construction p˜a : Y˜a → X is a finite flat morphism of degree n, Y˜a is Cohen-
Macaulay. Apply the generalized Cayley-Hamilton theorem to the vector bundle p˜a∗OY˜a , as
O -module over T∗X , it is supported by Ya. It follows that the morphism Y˜a → T
∗
X factors
through Ya. Since Y˜a is finite over X , it is also finite over Ya. As the finite morphism Y˜a → Ya
is an isomorphism over the nonempty open subset U ′, it is a finite Cohen-Macaulayfication
of Ya.
Instead of using the Hilbert scheme, we can construct Ya over the height one point as
follows. Let U ′ = a−1(Chow′n(T
∗
X )) and Z
′ le complement of U ′. Let z be the generic point of
an irreducible component of Z ′. The localization of X at x is Xz = Spec(OX ,z) where OX ,z is
a discrete valuation ring. By restricting pa∗OYa to OX ,z we get a module of finite type which
may have torsion. By considering the quotient Spec(pa∗OYa/(pa∗OYa)
tors) we obtain a section
Xz → Hilbn(T
∗
X /X )×X Xz over a|Xz and by uniqueness of such a section we have:
Spec(pa∗OYa/(pa∗OYa)
tors) = Spec(p˜a∗OY˜a). (4.5)
Proposition 4.3. For every a ∈ A♥X , the fiber HiggsX ,a consists in the moduli stack of Cohen-
Macaulay sheaves F over the Cohen-Macaulay spectral surface Y˜a of generic rank one. It contains
in particular the Picard stack Pa of line bundles on Y˜a. The action of Pa on itself by translation
extends to an action of Pa on HiggsX ,a.
Proof. Let (V,θ) ∈ HiggsX be a Higgs bundle over X whose spectral datum is a ∈ A
♥
X
. The
Higgs field θ : V ⊗ TX → V define a homomorphism SX (TX ) → EndX (V ) which factors
through pa∗OYa by the generalized Cayley-Hamilton theorem.
Let U ′ = a−1(Chow′n(T
∗
X )) and Z
′ le complement of U ′. Let z be the generic point of an
irreducible component of Z ′. The localization of X at x is Xz = Spec(OX ,z) where OX ,z is a
discrete valuation ring. Over Xz we have a homomorphism
pa∗OYa ⊗OXz → EndX (V )⊗OXz .
Since the target is clearly torsion free, this homomorphism factors through (4.5). Thus over
an open subset U ⊂ X whose complement is of codimension two, the above morphism factors
through a homomorphism of algebras
p˜a∗OY˜a ⊗OU → EndX (V )⊗OU .
By applying Serre’s theorem again, we have a canonical homomorphism
p˜a∗OY˜a → EndX (V )
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so that V = p˜a∗F where F is a Cohen-Macaulay OY˜a-module of generic rank one.
Since p˜a : Y˜a → X is finite and flat, for every line bundle L on Y˜a, pa∗L is a vector bundle
of rank n carrying a Higgs field. Thus Pa ⊂ HiggsX ,a. We have an action of Pa on HiggsX ,a
defined by (L, F) 7→ L⊗OY˜a
F where L is a line bundle on Y˜a and F is a Cohen-Macaulay sheaf
of generic rank one.
Remark 4.1. Let a ∈ A♥X such that the Cohen-Macaulay surface Y˜a is integral. According
to [1], the moduli space Pic(Y˜a)
− of Cohen-Macaulay sheaves on Y˜a of generic rank one
(which by the proposition above is the same as the rigidified Hitchin fiber over a) admits a
compactification Pic(Y˜a)
= given by themoduli space of of torsion free rank one sheaves on Y˜a.
On the other hand, by [18, Theorem 6.11], the (extended) Hitchin map h=X : Higgs
=
X →BX
from Higgs=X , the moduli space of torsion free Higgs sheaves on X , toBX is proper. One can
show that the fiber (h=
X
)−1(a) is isomorphic to Pic(Y˜a)
=.
Proposition 4.4. Let a ∈A♥X such that the surface Y˜a is normal, the reduced rigidified neutral
component (P 0a )red of Pa is a quotient of abelian variety by Gm acting trivially.
1
Proof. This is a consequence of a theorem of Geisser [9, Theorem 1]. Geisser’s theorem
states that the multiplicative part the reduced Picard variety P0a of an algebraic variety Y
is trivial if and only if H1et(Y,Z) is trivial whereas the unipotent part is trivial if and only
Y is seminormal. If Y is normal, π1(Y ) is a profinite group, quotient of the Galois group
of the generic point, and therefore can’t afford a nontrivial continuous homomorphism to
Z. It follows that H1(Y,Z) is trivial. On the other hand, a normal variety is certainly also
seminormal. Now after Geisser, P0
a
is an abelian variety. We have (P 0
a
)red = [P
0
a
/Gm].
5 Abelian surfaces
We study the Hitchin fibration for abelian surfaces. Let X be an abelian surface, that is, a two
dimensional abelian variety. Since X is an algebraic group, we have a canonical trivialization
of the cotangent bundle T∗X
∼= X × V , where V = T∗X |e is the fiber of T
∗
X at the identity e ∈ X .
The relative Chow variety Chown(T
∗
X /X ) can be identified with X×Chown(V ) and, since both
Chown(V ) and V × S
2V × · · · × SnV are affine, we have
AX ≃ Chown(V ), A
♥
X ≃ Chow
′
n(V ), BX ≃ V × S
2V × · · · × SnV. (5.1)
In particular, we see thatA♥X is open dense inAX andAX (BX is a proper subset for n≥ 2.
Under the above isomorphisms the spectral data map and Hitchin mapmorphism become
sdX : HiggsX → Chown(V ), hX : HiggsX → V × S
2V × · · · × SnV
1If the characteristic of k is zero, then Pa is smooth and the reducedness assumption is automatic.
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and the factorization of the Hitchin map in (2.10) becomes
hX : HiggsX
sdX
→ Chown(V )
ι
→ V × S2V × · · · × SnV.
Here ι is the closed embedding in lemma 2.1.
We claim that the spectral data map sdX is surjective. Let a ∈ AX = Chown(V ). Choose
a point Z =
⊔
α∈V Zα ∈ Hilbn(V ) such that HCn(Z) = a, here Zα is a local zero dimensional
subscheme of V whose closed point is α. Consider the closed subscheme
X × Z =
⊔
α∈V
X × Zα ⊂ T
∗
X
= X × V.
Then the rank n bundle E := prX∗OX×Z (prX : T
∗
X → X ) is naturally equipped with a Higgs
field θ and it follows from the construction that the spectral datum of the Higgs bundle (E,θ)
is equal to a. The claim follows.
Let a = [x1, ..., xn] ∈A
♥
X
= Chow′
n
(V ). The associated spectral surface Ya is given by
Ya =
n⊔
i=1
X × {x i} ⊂ X × V ≃ T
∗
X .
In particular, Ya is smooth and is isomorphic to the finite Cohen-Macaulayfication Y˜a. Since
Ya is smooth, Cohen-Macaulay sheaves on Ya are locally free and it follows from proposition
4.3 that the fiber HiggsX ,a is isomorphic to
HiggsX ,a ≃P ic(Ya) ≃P ic(X × {x1})× · · · ×P ic(X × {xn}).
Remark 5.1. The discussion above can be easily generalized to higher dimensional abelian
varieties.
6 Surfaces fibered over a curve
In this section we study the spectral surfaces Ya and the Cohen-Macaulay spectral surface Y˜a
in the case when X is a fibration over a curve C . The results of this section will be used later
in the study of Hitchin fibration for ruled and elliptic surfaces.
Let X be a smooth projective surface and let C be a smooth projective curve. Assume there
is a proper flat surjective mapπ : X → C such that the generic fiber a smooth projective curve.
We denote by X 0 ⊂ X the largest open subset such that π is smooth.
Consider the cotangent morphism dπ : T∗C ×C X → T
∗
X . It induces a map
[dπ] : Chown(T
∗
C/C)×C X → Chown(T
∗
X/X )
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on the relative Chow varieties. For every section aC : C → Chown(T
∗
C/C), the composition
aX : X ≃ C ×C X
aC×idX
→ Chown(T
∗
C/C)×C X
[dπ]
→ Chown(T
∗
X /X )
is a section of Chown(T
∗
X
/X )→ X and the assignment aC → aX defines a map on the spaces
of spectral data
ιπ :AC →AX . (6.1)
We claim that the map above is an embedding. To see this we observe that there is a com-
mutative diagram
AC
ιπ
//
ιC

AX
ιX

BC
jπ
// BX
(6.2)
where the vertical arrows are the embeddings in (2.10), and the bottom arrow is the embed-
ding
jπ :BC =
n⊕
i=1
H0(C ,S iΩ1C) ,→BX =
n⊕
i=1
H0(X ,S iΩ1X )
induced by the injection H0(C ,S iΩ1C) = H
0(X ,π∗S iΩ1C)→ H
0(X ,S iΩ1X ). The claim follows.
Note that, since dimC = 1, the left vertical arrow in (6.2) is in fact an isomorphism. From
now on we will viewAC as subspace ofAX .
Since the cotangent map dπ : T∗C ×C X → T
∗
X is a closed imbedding over the open locus
X 0, we have A♥C =AC ∩A
♥
X .
For any a ∈ AC , we denote by Ca → C the corresponding spectral curve and we define
X˜a = Ca×C X . The natural projection map πa : eXa → X is finite flat of degree n and it implies
X˜a is a Cohen-Macaulay surface.
Lemma 6.1. There exits a finite X -morphism π˜a : X˜a → Ya which is a generic isomorphism if
a ∈ A♥
C
. If the fibration π : X → C has only reduced fibers, then for any a ∈ A♥
C
, the map
π˜a : X˜a → Ya is isomorphic to the finite Cohen-Macaulayfication p˜a : Y˜a → Ya in (4.4) (which
is well-defined since a ∈A♥X ).
Proof. Let ia : X˜a → T
∗
X
be the restriction of the cotangent morphism dπ : T∗
C
×C X → T
∗
X
to
the closed sub-scheme X˜a ⊂ T
∗
C
×C X . By the Cayley-Hamilton theorem the map ia factors
through the spectral surface Ya. Let π˜a : X˜a → Ya be the resulting map. As eXa is finite over
X , the map π˜a is finite. In addition, if a ∈ A
♥
C
, then both X˜a and Ya are generically étale
over X of degree n and it implies π˜a is a generic isomorphism. Assume the fibers of π are
reduced. Then the smooth locus X 0 of the map π is open and its complement X − X 0 is a
closed subset of codimension ≥ 2. Since the map ia : X˜a → T
∗
X is a closed embedding over
X 0, proposition 4.2 implies the finite flat covering π˜a : X˜a → X is isomorphic to the finite
Cohen-Macaulayfication p˜a : Y˜a → X .
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Definition 6.2. We define A ◊
C
to be the open subset of A♥
C
consisting of those points a such
that the corresponding spectral curve Ca is smooth and irreducible.
Corollary 6.3. Assume the fibration π : X → C has only reduced fibers. Then the surface Y˜a is
normal for a ∈A ◊
C
.
Proof. By the lemma above, it suffices to show that X˜a is normal. Since X˜a is Cohen-Macaulay,
by Serre’s criterion for normality, it suffices to show that the X˜a is smooth in codimension
≤ 1. The assumption implies the complement X −X 0 has codimension at least 2. Since Ca is
smooth for a ∈A ◊
C
, the open subset X˜ 0
a
:= eCa×C X 0 ⊂ X˜a is smooth (since the map X˜ 0a → Ca
and Ca are smooth) and the complement X˜a − X˜
0
a
has codimension at least 2. The corollary
follows
7 Ruled surfaces
Let X be a ruled surface, that is, X is a P1-bundle over a smooth projective curve C . We write
π : X → C for the natural projection.
Proposition 7.1. We haveAC =AX andA
♥
C
=A♥X . The spectral data map
sdX : HiggsX →AX
is surjective.
Proof. We first show thatAC =AX . Since X is birational to C×P
1, the embedding jπ :BC =⊕n
i=1H
0(C , SiΩ1C) ,→
⊕n
i=1H
0(X , SiΩ1X ) =BX in (6.2) is an isomorphism. Since the maps in
the diagram (6.2) are all embeddings the desired equality follows. Since A♥
C
=AC ∩A
♥
X
,
we obtain A♥
C
=A♥X . We show that the spectral data map is surjective. Let a ∈ AC . Then
the push forward E = πa∗OX˜a (here πa : X˜a → X ) is a rank n bundle on X . As the map πa
factors through the morphism ia : X˜a → T
∗
X , the vector bundle E is naturally equipped with a
Higgs field θ and it follows from the construction that the spectral datum of the Higgs bundle
(E,θ) is equal to a.
We have the following:
Proposition 7.2. For every a ∈ A♥C , the Cohen-Macaulay spectral surface Y˜a is isomorphic to
X˜a = Ca ×C X , which is a closed subscheme of T
∗
X , and the Hitchin fiber HiggsX ,a is isomorphic
to the moduli stack of Cohen-Macaulay sheaves on Y˜a of generic rank one. If a ∈ A
◊
C , then Y˜a
is smooth and HiggsX ,a is isomorphic to the Picard stack Pa of line bundles on Y˜a.
Proof. The first claim follows from proposition 4.3 and lemma 6.1. The last claim follows
from the fact that for a ∈ A ◊
C
the surface Y˜a = Ca ×C X is smooth as Ca and the fibration
π : X → C are smooth.
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Example 7.1. Consider the case when X = C × P1 and n = 2. We have AX = AC =
H0(C ,Ω1C) ⊕ H
0(C , S2Ω1C). Let a = (a1,a2) ∈ A
♥
C
and pa : Ya → X be the corresponding
spectral surface. Then étale locally over X , the surface Ya is isomorphic to the closed sub-
scheme of A4 = Spec(k[x1, x2, t1, t2]) defined by the equations
t21 + a1 t1 + a2 = 0
t2(2t1 + a1) = 0
t22 = 0
(7.1)
here x1, x2 are local coordinate of C and P1 and ai ∈ k[x1]. Let Dis = (a
2
1 −4a2 = 0) ⊂ C be
the discriminant divisor for a. From (7.1) we see that Ya is an étale cover of degree 2 away
from the divisor Dis× P1 ⊂ X . Note that the spectral surface pa : Ya → X is not flat over X ,
indeed, pa∗OYa has length three over Dis×P
1. The finite Cohen-Macaulayfication Y˜a → Ya is
given by the flat quotient Spec(pa∗OYa/(pa∗OYa)
tors) and is isomorphic to Y˜a = Ca × P
1. The
Hitchin fiber HiggsX ,a is isomorphic to HiggsC ,a×P ic(P
1), here HiggsC ,a is the fiber of the
Hitchin map for C over a.
8 Elliptic surfaces
In this section we study the case when X is an elliptic surface over an algebraically closed
field k of zero characteristic. Namely, we assume there is a proper flat map π : X → C from
X to a smooth projective curve C with general fiber a smooth curve of genus one. We will
focus on the case when π : X → C is non-isotrivial, relatively minimal, and has reduced fibers
(e.g., semi-stable non-isotrivial elliptic surfaces).
Proposition 8.1. We haveA♥
C
=A♥X andAC =A
♥
X is the closure ofA
♥
X inAX . The image
of the spectral data map sdX : HiggsX →AX is equal toAC . (The equalities here are understood
set-theoretically).2
The following proposition follows from proposition 4.3, proposition 6.1, and corollary
6.3:
Proposition 8.2. For every a ∈ A♥
C
, the Cohen-Macaulay spectral surface Y˜a is isomorphic
to X˜a = Ca ×C X and the Hitchin fiber HiggsX ,a is isomorphic to the moduli stack of Cohen-
Macaulay sheaves on Y˜a of generic rank one. If a ∈ A
◊
C
, then Y˜a is normal and the Hitchin fiber
HiggsX ,a contains the Picard stack Pa of line bundles on Y˜a whose rigidified neutral component
P 0a is isomorphic to a quotient of an abelian variety by Gm with trivial action.
2IfAX is reduced then one can show that A
♥
C =A
♥
X ,AC =A
♥
X , and Im(sdX ) =AC scheme theoretically.
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Remark 8.1. Unlike the case of ruled surfaces, the Cohen-Macaulay spectral surface Y˜a is
in general not a sub-scheme of the cotangent bundle T∗X as the cotangent morphism dπ :
T∗C ×C X → T
∗
X might not be an embedding.
Remark 8.2. The results in section 7 and section 8 show that Hitchin fibration for ruled and
elliptic surfaces are closely related to Hitchin fibration for the base curve. This is compatible
with the fact that under the Simpson correspondence, stable Higgs bundles for a smooth
projective surface X corresponds to irreducible representations of the fundamental group
π1(X ), and in the case of ruled and non-isotropic elliptic surfaces with reduced fibers we
have π1(X ) ≃ π1(C) where C is the base curve (see, e.g., [8, Section 7]).
The rest of the section is denoted to prove proposition 8.1. We begin with some auxiliary
lemmas:
Lemma 8.3. Let η be the generic point of C and Xη = X ×C η which is an elliptic curve over η.
Consider the exact sequence 0→ TX 0/C → TX 0 → (π
0)∗TC → 0 (recall X
0 is the smooth locus
of the fibration π : X → C and π0 = π|X 0). Then the restriction of the exact sequence above to
Xη is isomorphic to the unique non-trivial self extension 0→OXη →I →OXη → 0 of OXη .
Proof. Write I = TX 0 |Xη . It is enough to show that dimH
0(Xη,I ) = 1. Note that we have
the following exact sequence
0→ (π0)∗TX 0/C → (π
0)∗TX 0 →TC
κ
→ R1π0∗(TX 0/C),
where the generic fiber of κ is the Kodaira-Spencer morphism. Since π : X → C is non-
isotrivial, themapκ is injective and the above exact sequence implies (π0)∗TX 0/C ≃ (π
0)∗TX 0 .
Since Xη is an elliptic curve, we get
H0(Xη,I ) = ((π
0)∗TX 0)η ≃ ((π
0)∗TX 0/C )η ≃ H
0(Xη,TXη)≃ H
0(Xη,OXη)≃ k.
The lemma follows.
Lemma 8.4. Let (E,θ) ∈ HiggsX . The action of TX 0/C ⊂ TX 0 on E
0 = E|X 0 is nilpotent.
Equivalently, letM be coherent sheaf on T∗
X
associated to (E,θ). Then the restriction ofM to
T∗
X 0
is set theoretically supported on the closed subscheme T∗
C
×C X
0 ⊂ T∗
X 0
.
Proof. We need to show that the action of TX 0/C ⊂ TX 0 on E
0 = E|X 0 is nilpotent. For this,
it suffices to show that, over the generic point η of C , the action of OXη ≃ (TX 0/C)Xη ⊂ I =
TX |Xη on Eη = E|Xη is nilpotent. Let φ ∈ EndXη(Eη) be the image of 1 ∈ OXη under the action
map OXη ≃ (TX 0/C )Xη → EndXη(Eη) and let Eη =
⊕
s∈k¯η
Eη(s) be the generalized eigenspaces
decomposition for φ (here kη is the function field of C). The action of I on Eη preserves
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each Eη(s) and we denote by φs : I → EndXη(Eη(s)) the action map. Consider the following
composition
w : OXη →I
φs
→ EndXη(Eη(s))
tr
→OXη ,
where tr is the trace map. It follows from the definition of Eη(s) that w = s · Id. On the
other hand, since I is the unique nontrivial self extension of OXη , we have OXη ⊂ ker( f ) for
any map f : I → OXη . It implies w = 0, hence the eigenvalue s must be zero. The lemma
follows.
Proof of proposition 8.1
We first show that the image of spectral data map sdX is equal to AC . The same argument
for the proof of proposition 7.1 shows that AC ⊂ Im(sdX ). To show that Im(sdX ) = AC it
remains to check that a = sdX (E,θ) ∈ AC(F) for any geometric point (E,θ) ∈ HiggsX (F)
(here F is an algebraically closed field containing k). Let hX (E,θ) = (a1, ...,an) ∈ BX (F) be
the image of (E,θ) under the Hitchin map hX : HiggsX →BX =
⊕n
i=1H
0(X , SiΩ1X ). By the
factorization of Hitchin map in (2.10) and the diagram in (6.2), to show that a ∈ AC (F) it
suffices to check that
ιX (a) = hX (E,θ) ∈BC(F) =
n⊕
i=1
H0(CF , S
i
Ω
1
CF
).
For this we observe that lemma 8.4 implies the restriction ai |X 0
F
of each section ai to X
0
F lies
in the subspace
ai|X 0F
∈ H0(X 0
F
,π∗SiΩ1
CF
).
Since we assume π has reduced fibers, the complement X F − X
0
F
is a closed subset of codi-
mension ≥ 2 and it implies
ai ∈ H
0(X F ,π
∗SiΩ1CF
) = H0(CF , S
i
Ω
1
CF
).
Hence hX (E,θ) = (a1, ...,an) ∈ BC(F) and the desired claim follows. We show that A
♥
C
=
A♥X . SinceA
♥
C
=AC ∩A
♥
X , we need to show thatA
♥
X ⊂AC = Im(sdX ). This follows form
the non-emptiness of the fiber HiggsX ,a = sd
−1
X (a), a ∈ A
♥
X established in proposition 4.3.
Finally, sinceAC is irreducible and closed inAX we haveA
♥
X
=A♥
C
=AC . This completes
the proof of proposition 8.1.
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